In this work, we have adopted the spin rearrangement scheme in the heavy quark limit and extensively investigated three classes of the radiative decays:
I. INTRODUCTION
In the past decade, many charmonium-like and bottomonium-like states have been observed by the Belle, BaBar, CLEO-c, CDF, D0, CMS, LHCb and BESIII collaborations [1] . These states are sometimes denoted as XYZ states. Especially, some of them do not fit into the conventional charmonium or bottomonium spectrum in the quark model. Their underlying structure, production mechanism and decay pattern are very intriguing. Up to now, there has been extensive phenomenological study of these XYZ states (for a recent review see Refs. [2, 3] ).
In fact, the observation of the XYZ states provides an ideal platform to investigate the exotic states since those charged XYZ states are clearly not the charmonium or bottomonium states. The theoretical interpretations of the XYZ states include the hybrid charmonium, tetraquark states, molecular states, cusp effect, final state interaction, interference effect or pure phase space effect etc. Among all the above scenarios, the molecular scheme is particularly interesting since some of these XYZ states are very close to the open-charm or openbottom threshold or even charged.
Since Yukawa proposed the pion as the mediator of the nuclear force, it's well-known that the deuteron is a very loosely bound state of the proton and neutron. To a very good extent, the deuteron is a hadronic molecular state. Therefore, it is very natural to look for the other loosely bound systems composed of two hadrons. In the past several decades, there have been lots of investigations of the di-meson systems composed of two charmed/bottomed mesons. The existence of the loosely bound hadronic molecular states depends on the competition between the kinetic energy and potential in the Hamiltonian of the system. The presence of the heavy quarks lowers the kinetic energy while the chiral interaction between the two light quarks could still provide strong enough attraction.
Voloshin and Okun studied the interaction between a pair of the charmed mesons and the possible hadronic molecular states [4] . Rujula, Geogi and Glashow proposed that ψ(4040) was a D * D * molecular state [5] . Törnqvist calculated the possible deuteron-like two-meson bound states such as DD * and D * D * using the quark-pion interaction model [6, 7] . Later, Dubynskiy and Voloshin suggested that there might exist a possible new resonance at the D * D * threshold [8, 9] . In the light quark sector, Weinstein and Isgur suggested the scalar resonances f 0 (980) and a 0 (980) as the KK molecular states [10] [11] [12] .
The XYZ states stimulated new interest in the molecular states composed of a pair of heavy mesons. The possibility of X(3872) as the DD * molecular state was discussed in Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Liu or D * D′ 1 with J P = 0 − , 1 − , 2 − . Later, the observations of two charged charmonium-like states Z + (4051) and Z + (4248) also inspired the discussion of whether Z + (4051) and Z + (4248) can be the molecular states [37, 38] . Before the experimental observation of Z b (10610) and Z b (10650), it was pointed out that there probably exist loosely bound S-wave BB * or B * B * molecular states [19, 24] . Later, these two charged bottomonium-like states Z b (10610) and Z b (10650) attracted lots of attention in the molecular framework [39] [40] [41] [42] [43] . In Refs. [41, 42] , the possible charged charmonium-like molecular states were explored. Later, the observation Z c (3900) [44] again inspired lots of theoretical work [43, [45] [46] [47] [48] [49] [50] [51] . In addition, Y(4260) was proposed as a candidate of the D 1D molecular state [38, 52] while the newly observed Z c (4025) also as the hadronic molecule candidate [53] .
Generally speaking, the dynamical calculation using the phenomenological models such as the one boson exchange model may answer whether there exists the loosely bound state. On the other hand, the production mechanism and decay pattern will also shed light on the inner structure of the XYZ states. There were some discussions about the decay of Z c (3900) [54] , and the decays and productions of Z b (10610)/Z b (10650) using the re-coupling formulae of angular momentum [55] . Liu studied the heavy quark spin selection rules in the meson-animeson states [56] . In Ref. [53] , the authors discussed the decay behavior of Z c (4025) as the D * D * molecular state. In this work we will perform a comprehensive study of the radiative decay pattern of the heavy flavor molecular states. We choose the heavy flavor molecular states composed of a pair of S-wave and P-wave bottom mesons to illustrate the formalism. We use the notations M (′) and (bb) to denote molecular state and bottomonium, respectively. We will consider the following three classes of radiative decays
corresponding to the electromagnetic transitions between one molecular state and bottomonium, one bottomonium and molecular state, and two molecular states respectively. We also extend the same formalism to study the radiative decays of the molecular states with hidden charm. We will discuss the radiative decay patterns of the hidden-charm molecular states. These results are helpful to further test the molecular assignment of some charmonium-like states such as X (3872) 
, Y(4260) and Y(4360).
This paper is organized as follows. After introduction, we give the calculation details of the radiative decays of the heavy molecular states in Sec. II. In Sec. III, we present the numerical results of the above three classes of radiative transitions associated with the hidden-bottom molecular states. We collect the numerical results of the radiative decays of the possible hidden-charm molecules in Sec. IV. The last section is the summary.
II. THE FORMALISM OF THE RADIATIVE DECAYS IN THE HEAVY QUARK LIMIT
Heavy quark symmetry plays an important role in studying the properties of hadrons containing heavy quarks. In the heavy quark limit m Q → ∞, heavy quarks can be seen as a static color source and only interact with gluons via its chromoelectric charge in Quantum Chromodynamics (QCD). This kind of interaction is invariant under the spin transformation of heavy quarks. The spin-dependent interaction is proportional to the chromomagnetic moment of heavy quarks. However, this potentially spin-flipping chromomagnetic interaction is suppressed by 1/m Q i . When m Q → ∞, the spin of heavy quarks S H is conserved. Similar conclusions hold for the electromagnetic interaction of the heavy quarks in quantum electrodynamics (QED). The heavy quark spin symmetry is very useful in the study of heavy hadron decays.
For the heavy hadron, its total angular momentum J can be decomposed into the sum of the heavy quark spin S H and the spin of the light degrees of freedom, which is defined as S l ≡ J − S H . S l is also a conserved operator and includes the spin of light quark and all orbital angular momenta within a hadron. In the following we simply denote this operator as the "light spin" since it includes all degrees of freedom except the spin of heavy quarks, which is named as "heavy spin".
When considering the heavy flavor molecular state system, its light degrees of freedom are quite complicated. For instance, an S-wave molecular state B 1B is composed of a Pwavebq meson and an S-wave bq antimeson. Here, the spin of light quarks q andq, and the orbital angular momentum between the heavy quarkb and light quark q are not conserved separately. However, their sum is the conserved light spin S l .
Following the definition of the C-parity eigenstate of the molecular states in Ref. [56] , we list all the hidden beauty molecular states covered in this work in Table I . In the following we will apply the heavy quark symmetry to discuss the radiative decays of the XYZ states. 
A. The spin structures of the hidden beauty molecular states and bottomonia
In the radiative decays of the hidden beauty molecules, the heavy spin, light spin and total angular momentum are good quantum numbers in the heavy quark limit, which are sepa-rately conserved. Therefore we can decompose the total angular momentum of the initial and final states according to their heavy spin and light spin.
With the heavy quark spin symmetry, the heavy and light spins of molecular state can be re-coupled separately. We adopt the spin re-coupling formula with 6-j or 9-j symbols in analyzing the general spin structure. Let's take the molecular states composed of an S-wave bottom antimeson and a P-wave bottom meson as an example. We explicitly write out its spin structure
In the above equation, s and K denote the light spin and total angular momentum of the P-wave bottom meson respectively. L is the total angular momentum of the S-wave bottom meson. J is the total angular momentum of the molecular state. We are only interested in the S-wave molecular systems in this work. The orbital angular momentum between the two bottom mesons is zero.
In addition, the indices b,b, q andq in the square brackets in Eq. (1) represent the corresponding quark spin wave func-
means that the spins of theb and b quarks are coupled into the heavy quark spin g and the spins of the q andq quarks are coupled into the light quark spin m. And then m couples with the orbital angular momentum to form the light spin h. We need to emphasize that we explicitly include the flavor wave function |(bq)(bq) in Eq. (1).
The spin structure of the |B ( * )B 1 (2) can be obtained by applying the C-parity transformation to |B 1(2)B ( * ) , i.e.,
where the factor (−1) L+K−J arises from the exchange of the two bottoms in the molecular state.
With the above approach, we obtain the re-coupled spin structures of these hidden beauty molecular states, where the coefficients B Table I (see Table II for more details).
Besides the spin structures of these hidden beauty molecular states, we also need the spin structures of the bottomonia relevant to the radiative decays, i.e.,
where we use the subscripts H and l to distinguish the heavy and light spins of bottomonia. The superscripts + and − inside the parentheses denote the positive and negative parity of the corresponding parts, respectively, while the superscripts −+ and subscripts 0, 1, 2, 3 correspond to the quantum numbers PC and J of J PC of the bottomonium. When calculating the radiative decay, we also need the bottomonium flavor wave function |(bb) ≡
(|bb + |bb ), which is invariant under the C transformation. The C parity of the bottomonium is reflected through its spin and orbital wave function, i.e., C = (−1) S H +S l . 
For the spin wave function, the orthogonalization requires
where the superscripts p (′) and c (′) denotes the parity and C parity, respectively. The requirement of the orthogonalization of the spin wave function results in the conservation of the parity, C parity, the total angular momentum, heavy spins, and light spins respectively.
In addition, the orthogonalization of the flavor wave function requires
which are adopted in the calculation of the electromagnetic transitions between two hidden beauty molecular states.
In the following sections, we will employ the above spin structures and flavor wave functions of the hidden beauty molecular states and bottomonia to calculate the radiative decays. The spin structure of the photon will be given later.
B. Reduced matrix elements of the radiative decays
In Sec. II A, we present the definitions of the spin structures of the initial and final hadrons in the radiative decays. In the following, we give the general expression of the reduced radiative decay matrix element. In the heavy quark limit, both the heavy and light spins are conserved. Thus, it is convenient to calculate the corresponding process with the uncoupled representation. Denote the total angular momentum of the initial state hadron as j and the third component of j as j z . We have
which is a unitary transformation between the coupled and uncoupled representations. For the final state hadron, we denote the total angular momentum of the final state hadron as j ′ and its third component as j ′ z . In addition, Q is the light spin of the photon and Q z is its third component. Thus, the matrix
where c 1 , c 2 , d 1 and d 2 represent the corresponding expansion coefficients of the spin configuration. We also consider two different radiative decay channels with the same initial state. If the two final state hadrons have the same radial and orbital quantum numbers, we can obtain similar expressions as Eq. (16) . We need to specify that the ratio listed in Eq. (16) does not include the phase space contribution.
For the radiative decay M → (bb)+γ, where the initial state is a hadronic molecule and final state is a bottomonium, the photon is from theannihilation. Now we need to introduce the spin structure of the involved photon. We assume that the photon has a so-called "flavor" wave function equivalently, which is denoted by |γ in the following. Its spin structure is defined as
which correspond to the E1, M1 and E2 transitions, respectively. Here, the notation of subscripts and subscripts are similar to those in Eqs. (3)- (12). The transition matrix elements related to the flavor wave functions are
With the above preparation, we can calculate the rearranged spin structures of the final states in the M → (bb) + γ decays. The general expression is
where the g and L denote the heavy and light spins of the bottomionium, respectively. Q stands for the light spin of the photon. The indices b,b and γ in the square brackets represent the corresponding spin wave functions. We collect the coefficients D Table III . In this work, we mainly focus on the ratios of the decay widths in the heavy quark limit, where the spatial matrix elements of some decays are the same. For example, the molecular state
γ, which are typical M1 transitions and have the same spatial matrix elements. In this case, there exist some model independent predictions.
In the radiative decay (bb) → M + γ, a bottomonium state emits a photon and decays into a hidden beauty molecule state,
in Eq. (20) corresponding to different combinations of [g, h] . 
where apair is created from the vacuum. Thus, this process can be expressed as
where |VAC is the hadronic vacuum, which has the spin structure
where
The flavor part of the final states in (bb) → M + γ can be written as
Thus, the nonzero transition matrix elements of (bb) → M + γ from the flavor wave functions only are
Similarly, we list the spin structure of the final states in (bb) → M + γ:
which will be applied in the calculation.
For the radiative transition between two hidden beauty molecular states, its dynamics is different from that of (bb) → M + γ. The photon is emitted from either q/q quark or b/b quark. The spin structure of the photon is similar to that given in Eqs. (17)- (19) .
The nonzero transition matrix elements of M → M ′ + γ from the flavor wave functions are
III. NUMERICAL RESULTS
With the above preparation, we are ready to calculate the typical ratios of the radiative decays relevant to the hidden beauty molecular states. In the following, we present the re-
Using the rearranged spin structures and the orthogonalization of the spin and flavor wave functions, we first obtain some typical ratios of the M → (bb) + γ decays. We only consider the final states containing the S-wave, P-wave and D-wave bottomonia.
If the bottomonia belong to the same spin multiplet, the spatial matrix elements of these radiative decays are the same, which leads to quite simple ratios between their decay widths. We collect the typical ratios in Tables IV and V, where the values in the brackets are the values with the phase space correction. Since the B 0 meson and D-wave bottomonia are still absent experimentally, we do not consider the contribution of the phase space factors when calculating the corresponding ratios.
There are six hidden beauty molecular states with
, the remaining five molecular states have the same ratio Γ(χ b0 γ(E1)) : Γ(χ b1 γ(E1)) : Γ(χ b2 γ(E1)) = 4 : 3 : 5 without considering the contribution of the phase space factor. This phenomena can be understood well since these decay widths are related to the spin configuration (1
, its decays into χ bJ γ(E1) are strongly suppressed due to heavy quark symmetry. Both
) and B * B * decay into χ bJ (1 3 P J )γ with the typical ratios are Γ(χ b0 γ(M1)) : Γ(χ b1 γ(M1)) : Γ(χ b2 γ(M1)) = 1 : 3 : 5 as listed in Table IV if the phase space difference is neglected. These decays are only governed by the spin configuration (1
. We notice that the ratio 1 : 3 : 5 is consistent with that given in Refs. [53, 55] .
, where the spin configuration (1
and Υ(1 3 D 2 )γ via the E1 transition, where the spin configuration is (1 
2 ) 1 : 3 (1 : 2.9) 
--1 : 9 (1 : 9.5) 1 : 9 (1 : 9.6) 1 : 1 1 : 1 (1 : 
2 : 5 (1 : 2.8) 2 : 5 (1 : 2.9) 10 : 1 (8.2:1)
1 : 9 (1 : 9.4) 0 : 0 9 : 1 (8.4 : 1)
2 : 3 (1 : 1.6) 0 : 0 6 : 1 (5.3 : 1)
1 : 6 (1 : 5.8) 0 : 0 3 : 2 (1.6 : 1) Table  III , we conclude that these χ b1 γ(E2) and χ b2 γ(E2) modes are suppressed due to heavy quark symmetry.
We can see from Table II, We need to specify that the ratios shown in Tables IV and V are also suitable for the radiative decays involving the higher radially excited bottomonium.
B. (bb) → M + γ
Adopting the same formalism, we obtain the typical ratios of the (bb) → M + γ decay widths, which are listed in Tables  VI and VII. Among all the possible hidden beauty molecular states, the mass of the lowest state
) is around 10610 MeV. At present, Υ(10860) is the heaviest bottomonium state. Thus we can only study the production of the hidden beauty molecular states via the radiative decays of the higher radial excitations of bottomonium.
In Table VI 
is the same as that listed in the second row in Table VI , where
) is produced by the E1 radiative decays of χ bJ (n 3 P J ) (J = 0, 1, 2). This phenomenon reflects the crossing symmetry. In the above discussion we do not consider the effect from the phase space factor of the corresponding process.
In this subsection, we discuss the E1 and M1 radiative transition between two molecular states. We only consider the hidden beauty molecular states with J PC = 1 −− , 1 −+ , 1 +− and 1 ++ . The typical ratios of the M → M ′ + γ decay widths depend on the following parameters
which are related to the reduced matrix elements of the M1 transitions, where
The ratios of the E1 transitions between two molecular states depend on the following parameters
where H 10 (E1) = 1, 1 H e f f (E1) 0 , H 11 (E1) = 1, 1 H e f f (E1) 1 , and H 01 (E1) = 1, 0 H e f f (E1) 1 .
If the reduced matrix elements satisfy the following rela- 
Final state 1 :
Final state 
Final state
the ratios satisfy the crossing symmetry, which acts as an important test of our calculation. We collect the obtained typical ratios of the M → M ′ + γ decay widths in Tables IX and X.
IV. THE RADIATIVE DECAYS OF THE HIDDEN-CHARM MOLECULES
In the previous sections, we focus on the radiative decays of the hidden beauty molecular states. However, we can easily extend our approach to study the radiative decays of the hidden charm molecular states. Readers should keep in mind that the heavy quark symmetry is expected to work well for the hidden beauty molecular system since the bottom quark mass is much larger than Λ QCD . For the hidden charm molecular states, the 1/m Q correction may be non-negligible in certain cases since the charm quark mass is not so heavy compared to the bottom mass. Especially the 1/m Q correction plays the dominant role in those radiative channels which are forbidden in the heavy quark limit. For the other allowed channels, one may naively expect that the decay pattern and ratios of the radiative decays of the hidden charm molecular states are roughly the same as those in the heavy quark limit.
As mentioned in Sec. I, some observed charmonium-like states were considered as the candidates of the hidden-charm molecular states. In the following, we discuss the radiative decays of several charmonium-like states under the molecular assignment. 
A. Y(4260) and
After performing the spin rearrangement, the allowed final states can be expressed as Final state 1
Final state 1
B * B *
: 1
Final state 1 Final state 1 
Final state 1 
In the heavy quark limit, we get the ratio of the E1 transitions Y(4260) → χ cJ γ(E1) (J = 0, 1, 2), Γ(χ c0 γ(E1)) : Γ(χ c1 γ(E1)) : Γ(χ c2 γ(E1)) = 4 : 3 : 5,
where we ignore the phase space factor. If considering the difference of the phase space of the three decay channels, we have Γ(χ c0 γ(E1)) : Γ(χ c1 γ(E1)) : Γ(χ c2 γ(E1)) = 1. [2] . If so, its spin structure can be written as 
B. X(3872)
There are extensive discussions of the possibility of X(3872) as a DD * molecular state with J pc = 1 ++ [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Under this molecular state assignment, the spin structure of X(3872) reads [23, 24] , respectively, where their quantum numbers are either J PC = 0 ++ or 2 ++ [23, 24] . action (FSI). For example, if Z c (3900) or Z c (4020) is a kinematical artifact, their neutral component will not emit a photon and decay into the charmonium. If Z c (3900) or Z c (4020) arises from the final state interaction through the triangle diagram where a charmed meson is exchanged, the spin decomposition of this FSI signal may be different from the spin decomposition of the initial two mesons or Z c (3900) or Z c (4020) as the molecular candidates. The resulting radiative pattern of this FSI signal will deviate from that of the molecular states discussed in this work. In short summary, the radiative decay ratios of the XYZ states encode important information of their underlying structures. Systematical experimental measurement of these ratios will help judge various theoretical interpretations of the XYZ states. Hopefully the present extensive investigations will be useful to the understanding of the future radiative data.
